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ABSTRACT 
The following results are proved: Let A = ( aij) be an n X n complex matrix, 
n > 2, and let k be a fixed integer, 1 Q k Q n - 1. (1) If there exists a monotonic 
G-function f= (fi,. . . , f,) such that for every subset S of (1,. . . , n} consisting of k + 1 
elements we have 
then the rank of A is > n - k + 1. (2) If A is irreducible and if there exists a 
G-function f= (fr,. . . , f,) such that for every subset S of (1,. . , n} consisting of k + 1 
elements we have 
thentherankofAis an_k+lifk>2,naS;itis >n-lifk=l. 
1. DEFINITIONS 
For a positive integer n, let N be the set of indices 1,. . . , n; let R” and 
C”, n be the n-dimensional real vector space and the set of all n X n complex 
matrices, respectively. Denote by A[i,, . . . , i,] the principal submatrix of 
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A E C”, n formed by rows and columns with indices ii,. . . , i,, 16 ii < is < 
1. . < i, < n. Introduce for a matrix A E C”, ” andforanxER”withx>O 
(i.e., xi > 0 for all i E N) the expressions 
5,s = r,,,(A) = ( c ,uij,‘)“” forah i E N, 
j-i 
ci,.s = c,,,(A) = ( 1 ,oJ)r” forah i E N, (1) 
jai 
forall i E N. 
Let x = f,‘(A), i E N, be a nonnegative function which depends only on 
the moduh of the n( n - 1) offdiagonal entries of the matrices in C", “. We say 
[1,5] thatf=(f,,...,f,) is a G-function if every A EC”,” satisfying 
A(A) < IUiil forah ie N (2) 
is nonsingular. A G-function f = ( fi, . . . , f,) is called monotonic if, for any 
A = (aij) and B = (bjj) E C”*“, ]aij] < (bij] for alI i * j (i, jE N) implies 
A’(A) 6 A(B) for a.Il i E N. 
2. BACKGROUND 
A. Ostrowski [B] has proved the following theorem: 
THEOREM (a). Let A = (uij) E C”“, n 2 2. fh~ose 
TiadpCi!(Inu)~rj~apCj:(l~u)g < laiillujjl I 3 
ford i== j (i,jEN), (3) 
where o 6 (Y Q I, p, q 2 1, l/p + l/q = 1. Then det(A) f 0, ~2nd thus the rank 
of A, rank(A), is n. 
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The following theorem, generalizing Theorem (a) with ap = 1, was ob 
tained by Shemesh in [2]: 
THEOREM (b). Let A = (a ij) E C”, *, n >, 2, and let k be a fixed integer, 
l~kgn-l.ZfforanyrealawithO<a<landforeveysubsetSofN 
consisting of k + 1 elements we have 
iIJls~Olc~,Ta < i~slaiily 
then rank(A) >, n - k + 1. 
In [4], we have given the following result: 
(4 
THEOREM (c). For any A E C”,“, n 2 2, the following properties are 
equivalent: 
(1) There exists a G-function f = ( fi,. . . ,f,) such that the relations (2) 
hold. 
(2) There exists a G-function f = ( fi,. . . ,f,) such that 
~(A)fi(A) < IUiiUjjl forall i* j (i,j~N). (5) 
(3) M(A) is a nonsingular M-matrix, where M(A) = ( mij) denotes the 
n x n real matrix defined by (see [7]) 
i 
laijl if i = j, 
mij = 
- laii( if i * j. 
REMARK. Property (1) of Theorem (c) implies that A is nonsingular by 
the definition of G-function, and therefore property (2) or (3) of Theorem (c) 
also is sufficient for A to be nonsingular; this result contains as a particular 
case Theorem (a) quoted above. 
3. RESULTS 
The purpose of this note is to prove the following theorems. 
THEOREM 1. Let A = (u,~)E P”, n > 2, and let k be a fixed integer 
with 1~ k < n - 1. Zf for a monotonic G-f&&ion f = ( fi,. . . .f,) and for 
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every subset S of N consisting of k + 1 elements we have 
then rank(A) > n - k + 1. 
THEOREM 2. Let A = (aij) E P”, n 2 2, be irreducible, and let k be a 
fixed integer, 0 < k < n - 1. Zf for a G-fin&on f = (fi,. . . ,f,> and for every 
subset S of N consisting of k + 1 elements we have 
IJs.AtA) G IJslaiil* (7) 
thenranlc(A)>,n-k+lif2<k<n-l;rank(A)>n-lifk=O,l. 
Proof of Theorem 1. The relations (6) imply that none of the a,, vanishes, 
and that there exist only p Q k indices i for which fi’( A) >, la,,l. If p = 0, then 
the relations (2) hold, and thus rank(A) = n > n - k + 1. We may assume, 
without loss of generality, that for p > 1, fi‘( A) > I a ii 1, i = 1,. . . , p. 
If l<p<k,thenAcanbewrittenintheform 
All Al2 
A= A 1 1 21 A22 ’ (8) 
whereA,=A[p+l,..., n]. According to our assumption, 
i=p+l,...,n. 69 
Suppose that A is irreducible. Then, by Ky Fan’s theorem [6], there exists an 
x=(x,,..., x,)r E R” with x > 0 (depending on 
r:(A) Q &(A) for aI.l 
whence 
A) such that 
iEN, (10) 
$ 5 (aijlxj< q”(A) < la,ily 
* j=p+l 
j*i 
i=p+l,...,n. 01) 
This signifies that D-‘A,D is strictly diagonally dominant, where D = 
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d&$x,+ II.. . , x,) is a positive diagonal matrix, so that det( A,) * 0. Thus 
rank(A)>rank(AB)=n-pan-k+l. 
For reducible A, the result follows easily from the generalized Ky Fan’s 
theorem due to Carlson and Varga in [l]. 
If p = k we have by (9) 
J(A) < 14 i=k+l n, ,**+, (9’) 
and thy @)I 
.fi~(~)fj(~) < lakkajjl~ j=k+l ,.a*> n, 
so that 
.L(A)fi(A) < la,iajj, i,j=k ,...,n, i f j. (12) 
Put now, corresponding to A, 
, 
where B= A[k,..., TZ]. It is obvious that uii = uii for all i EN, and that 
laijl < (uii( for all i * j, and thus 
fi’(A’) =G X(A) forall in N. 
Suppose that the normal form of A’ (cf. [9, p. 461) is given by 
A’= PT 
a11 0 
0 
(13) 
P, 04 
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where P is a permutation matrix, and each Aii, 1~ i < m, is square and 
irreducible (if B is irreducible, then let P = I, and A,, = B). Obviously, 
rank(A’) = k - 1 + rank(B). From the generalized Ky Fan’s theorem it follows 
that there exists an x = (xi,. . . , x,) E R” with x > 0 (depending on A’) for 
which 
fi’( A’) > y( A’) = 0, i=l ,...,k-1, 
where (i) = {Jo N: ajj and aii lie in the same A,, of (14)}, and ?“(A’)= 0 if 
(i) = {i}, i E N. 
By (12), (13), and (15) we have that 
y( A’&( A’) < &z;l = (a,,~ jj( forah izj, i,jEN. 
Note that P=(?f,..., +nZ) is a G-function (see [l]). It follows from the remark 
on Theorem (c) that A’ is nonsingular and consequently rank( B ) = rank( A’) - 
(k-l)=n- k + 1. Thus rank(A) > rank(B) = n - k + 1, which completes 
the proof of Theorem 1. n 
BEMAFIK. Since the G-functions given in Theorems (a) and (b) are 
monotonic, Theorem 1 is, as is easily seen, a generalization of Theorems (a) 
and (b). 
To show Theorem 2, first we introduce the following 
LEMMA 1. Let A E CT”,“, n 2 2, be irreducible. Zf for a G-function 
f =(fi,...,fn) we have 
fi(A)g(aiil forall iEN (16) 
or 
$(A)A(A)~Iu~~u~~) forall i*j, i,jEN, 07) 
then rank(A) 2 n - 1. 
Proof. It is seen that M(A) is an M-matrix in both cases, because by (16) 
or (17), M(A)+diag(d,,...,d,) is a nonsingular M-matrix whenever d = 
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Cd i,. . . ,d,)T > 0. Note that then M(A) is irreducible. According to Theorem 
5.7 in [3], we get that alI principal submatrices of order n - 1 of M(A) are 
nonsingular M-matrices. Thus rank(A) > n - 1. W 
LEMMA 2. Let A E C”, “, n > 3, be irreducible and let k be an integer 
with 2 < k < n - 1. If fm an x = (x ,,...,~,)~~R”withx>Oandforevery 
subset S of N consisting of k + 1 elements we have 
(18) 
thenrank(A)>,n-k+l. 
Proof. Obviously the relations (18) imply that none of the aii, qr( A) 
vanish, as A is irreducible, and that there exist only p < k indices i such that 
rir(A)> (a,,j. If p = 0, then for all i E N, rjX(A)< laiil. From Lemma 1 it 
follows that rank(A) > n - 1 >, n - k + 1. For the case p 2 1, without loss of 
generality, we may assume that 
r;(A) > Iad (1% 
Let A, denote the principal submatrix of A indexed by rows and columns 
2 >.*a, n. Now A, satisfies the hypotheses of Theorem 1 for n - 1 and k - 1, 
so that 
rank(A)>rank(A,)>(n-1)-(k-l)+l=n-k+l. n 
Proof of Theorem 2. The proof is an immediate consequence of Lemma 
1, Lemma 2 and Ky Fan’s theorem. W 
From Theorem 1 we have directly the following 
COROLLARY. Let A E C”,“, n > 2, and let k be an integer, 1~ k < n - 1. 
Then for any monotonic G-j&nction f = ( f 1,. . . , f,) each eigenvalue of A with 
geometric multiplicity 2 k lies in at least one of the sets of the form 
( X:iJJ.slh-aiil~ iIJsA(A)) (24) 
in the complex plane, where S is a subset of N having k + 1 elements. 
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Proof. If A does not belong to any set of the form (24) for some 
monotonic G-function f, then 
for every subset S of N having k + 1 elements. From Theorem 1 it follows that 
rank(XZ - A) > n - k + 1, that is, A is not an eigenvalue of A with geometric 
multiplicity > k. n 
The author would like to thank Professor David Carlson for his recom- 
mendation of this note, and the referee for his help@1 comments, which could 
shorten considerably the proof of Lemma 2. 
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